Order of the complex
numbers and 1ts
consequences

By Antonio Gonzalez Carloman



Fromtheformula e**! = co=y 4§ « =inx Euler developed the power of the complex numbers.
Nowadays, in the self construction of basic Mathematics ( Mathematical logic, Set theory, Relations and
structures and the Numerical system ["Mathematical Atlas' by Reinhard and Soeder, Publisher Alianzal)
adidactic lack is presented because the formula from Euler can not be included in its development to
build the power of the complex numbers.

In the essay that is resumed here, this didactic lack is avoided by means of an order of the complex
numbers (modular order) from which, by means of sequences of powers of complex number base and
rational number index of denominator power of two, the power of complex numbers with real numbers
asindex is defined. And by means of an inverse process to the one followed by Euler, the trigonometry is
very easily developed. And finally, with the support of thetrigonometry already built, the pi number can
be defined.

1.Quadrants

Being {:f the set of the complex numbers, " the subset of the complex numbers of modulus one
and 7" the set of the
positive real numbers; if & = R wecal i s (' the subset of the dlements of (' of modulus .
And over i = (" we define the following subsets:
ﬁ:-t’_?:_g = X + 3 o | xy € [k, 0[Axy 401}
el = dxy+xpei | xp e[ 0, K[Ax E[—kﬂ[}
keCy = fri+x3ei | x1€]0,k]AR2e [0,k [}
ke l] =1 +xpei | Xy €]H0]Ax; € ]ID k15
Whichwe call quadrantsof j- , " (If p =1, fe " = )
Obviously ", ", 'y and ' would be the quadrants of (.
Fromnow on, weagree: If ¢ = ' ,then " = O, a" < .:‘_‘j“D and @ = | +dqei.

1.1 Partitionin & » "

The family of quadrants {& » C" o, ke O, ke O, ke O} formapartitionin i « (',
1.2. Canonical form of the complex numbers of modulus one.

Any ' = ¢ can be uniquely written in the form

!

a = I'C':ﬂr:' . {IH
inwich o{a') = {-2,-1,0,1}and " = O (2] £]0,1] anda, = [0,1[).



1.1 Partitionin i« "

The family of quadrants { « O, ke O, ke O, ke )} formapartitionin jr o ("
1.2. Canonical form of the complex numbers of modulus one.

Any ' = ¢ can be uniquely written in the form

IiI.' _ I.':I:ﬂrj . {IH
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1.2.1 Canonical form of any complex number different from zero.
inwhichc(a') € {2,-1,0,1}anda’ € Cy (aj €j0,1] anda} < [0, 1]}

1.2.1 Canonical form of any complex number different from zero.
Any i = (' — 40} can be uniquely written in the form

a = |a« % ea” (@ =|al+a’)
Inwhich ||| isthemodulus of iz, o{a) e {-2,—1,0,1}anda” = O (cla) = cla’)).

122ac(a’) = 2 @ a' e T, befa’)=-1 @ a e

ocfa’ )= 0ea el dela’)= 1< a e

2. Modular order in C" and in

1° Modular order in "

Given theinterval [—2, 2[ in 7 (real number set),the application

o [-2,2[— " suchthat

x e[-2,2[= flx) =i o (m'(x) + m(x) « I} isbijective

being x = ofx) + m{x) inwhich c(x) isthe characteristic of the real number x and #1(x) the

mantissa, and therefore o(x) = {—2,—1,0,1} andm{x) = [0,1] .Therea numberi'(x)
,which

we will call the complementary of the mantissa y12(x) , is m'(x) = \J'rl — mix)?
(m'(x)+mix)ei e Cy)

This bijection allows usto definethe order <" in (=" inferring isomorphically from the order < in
[—2,2[ theorder <" in ' ,in such away that,for .y e [-2,2]

x <y oW e(mx)+mlx)ei) < Ve (m(y)+mly) el

Obviously

@) o (g +al e i) < ) W (B 4+ bY e i) & clay+al < ofb )+ b



2° Modular order in {7 of the following way:

fg,b e Cwithg = ||ja]|ea’ and b = |b| « b’
a <" b o all < [BlY (lall = Bl Aa” <" B
That isthe lexicographic order inferred from the order <« in 7 and fromtheorder «' in .

If [|cz]| jclal o (a'l' + {Ig » [ ) isthe canonical representation of the complex number ¢; we also
give

to the integer number o) & {—2,—1,0,1} andtothereal number % = [0,1[, asseen
before,

the respective names of characteristic and mantissa of that complex number i .We also agree

that () = a5 andim'(a) = aj.
221a' <" B e cla)<cd)v (cla') =cb ) A a;y < bY)
229 <1 ea eC,UC 1< a =a CyUC]

2.3Theorder <« istotal
Ve,edd €yVyEn) Gy ex=yva<y)

2.3.1 Trichotomy law
Given any numbers¢z, & = (' it'sfulfilled one and only one of the following conditions:

1°a=b 2%a<'b 3bH<a
3. Squared roots of complex numbers ' — {0}

Given any complex number ¢ = (' — {0} ,we call squared root set of ¢z inthe universe ' — {0},

and we represent it by \Eﬁ,to the following set of " — {0}



Vit =dx | x*=a} (@a=0, Ja"= {0}

The number ¢ ,recaeives the name of radical and the elements of the set the name of its roots

Given the complex numbers & = ||| « @' = ||jz|| » (@} + a5 s ijandb = ||b]| « b =
5] » (5] + &5 » 1) belonging to the set " — {0+ that in canonical form would be:

6 = ”{1” L CY L ”ﬂ” ETICI (ﬂrlr +{Ig . I.j
b= bl ei® e b" =[] o i*®) o (b} + b5 « 1)

3.1 Thentheset fi & contains two elements of (' — J0} that are opposite, and only two.

Af 1 < a) +al e}

t = 5

_M'(JITR +J1-;’1 )

bIf g +aye0 <"1

ot = T -

_M'(Jlfl +J1-;‘1 )

3.1.1. From now on we agree the following:

Af 1 < a) +alei

ﬁ:m-(ﬁ-l—ﬁlfj




DIf g +a5ei <" 1

= AT (-
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Then in the both cases

VAt = {JE, - Ja

32,/ = — (By3.11-b)

4.Power of two index roots

Given any complex number i = ' — {0} andtheset © = {2% | x & M} ,aunitary operation
of

Fin, fp o P — (' defined, after agreeing, that
fa(27) = 2% being 27 = P,inthefollowing way:

1o1f 11 =0
:il;ﬁ = ¢ iscalled root of radical ; withindex in =

20If weknow 2% = ¢ for j; = pthenfor 7 = mm + 1

ml7 = (w7 if(q =0, 27 = 0)

5. Power of the complex numbersof (f — {[}} with rational numbersindex of denominator

power of two

Lt B = {5 | meZin e Nanda e C — {0} ;wecal power of base ¢ with index

of 5 aunitary
operationof 5 in C, g 1 B — C' defined, after agresing thet g, ( 12} = ~ 37 by
aT™ = wE" (g =0,a7 =0)

And this definition is right, since it's independent of the integer components of the rational
number.

Forim,p e Zandjp i = IV
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6. Adjoining sequencesin jr « "
The couple of sequences (a,b) are adjoining in j- « ¢ ,if and only if, being defined in j- &
(W perlan, by = ke C"))

1° The sequence a is monotonic increasing and the b monotonic decreasing with respect to the
modular order

20 vn,m EN(HH i—:f hm}

Fh+-—ac=T (Isubset of infinitesimal sequences)
6.1.If the couple of sequences (a,b) are adjoiningin j- « (" ,both are convergent and lim a=lim b.
7. Power of complex sequences with sequencesin & (5 ) asindex

Given the complex sequence ain wich ‘?'n - W (ﬂn + Uj and the sequencecin 7 ,we call

power of base a and index ¢ and we represent it by A® to the complex sequence such that

\?-’n eN ((ﬂcj” :ﬂ'flx
7.1.If disany convergent sequencein g, the sequence {2 9% ) is convergent ((ad), = qa).

7.2. For any number , ~— ' thereisa couple of adjoining sequences (d? d’j in & withitsterms
in the interval [_2?2[ such that
xﬁ"rnEj\'r(j.d” i:f i E.- I.d;f)
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7.3 The couple of sequences ({g’dr N (;'ﬂ;f )} isadjoining, and therefore convergent.

8. Power of the complex numbersof ' — {0} with indexin theset 77 of real numbers

We call power of baserz = ' — 40} withindexin 7 to an unitary operation of 7 in (7,

fa i R — (', defined, after agreeing, that /(&) = % being & = R inthefollowing way:

If disasequencein B (5) such that imd = &

a® = lim{a®) (1) (ifa =0, a® = 0)

This definition is right, because it's independent from the sequence that has 5 as alimit. Because
lime = limd = lim{a*®) = lim(z9")

In the case of being i area number (.51 =1 +0e ;‘j,thisdefinition coincides with the one given

in the rea numbers.

8.1 Givenany number ,; ~ ~ thereexistsareal number ¢ = [—2, 2] and only one such that

T — -
. . _ 4 . .
82Being; = 1 (andtherefore ¢ = 0);if @ = - thenw > 2 (ifa = i, w o> 2)

821Beingw® = 4x | 4, _,(x = wef)pandg + 1

gt =1 =y = w*

8.2.2 The operation power of basey; =+ ] isperiodical, with respect to the index, with period
(¢ period)

& — .
Vo e =a*)=2dew
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8.2.3 Giventhenumbers ;s / = ' inwhich ¢ istheperiod of 25if ] «'  thereexistsareal

number & & [—%, £ and only one so that

a® = b
9. Trigonometric function

Being /vy = 5T andtaking into account that for i = =
4 4 4 .
j7 =RI="7 ) +I(i =7 ) » |

We define the following functions:

a) Sinefunctionin v (abbreviated in zif1 )
S, o A — & suchthat

x € R = singr =I(%7%)  (sing(x) = siftyx)

b) Cosine functionin ¢ (abbreviatedin coz )
cos, ;A — f suchthat

X € R = cospx =R({%"7)

c) Tangent functionin ¢ (abbreviatedin tamn,, )
Being (5-)* = 4x | d,_,{x = S e (2ef+1));
tancw : 7 — (5 )* — R suchthat

1M, X
COS X

X e R—(%) =tan,x =

d) Cotangent functionin ¢ (abbreviated in ¢cot,, )


http://192.168.1.1/carloman/default.html

Beng () = 0 | 3,500 = 2 + 1))

cot, : R — (%) — R suchthat

0os X

X e R—(5) =cot,x =

SIFo X
The name of argument of the correspondent function is given to each element of %, & — [ T J*or
R—(%)

9.1. Trigonometric functions of arguments addition

Qging( + ) = 8N, » CO8, 5 + CO8,a 8iN, 5
b)COSL( + ) = CO8yut » COSy F —8iN, o #8iN, 5

Proof:

0080t + ) 4o (o + B) o § = 130t = fheorbes = b o idos

(COS,a +8iNL ot o i) e (COs, 5 +8iN,0 1) =(c0o8,a » cO5, 5 —gin, o egin, 5) +
(8Nt » COS, 5 + COSy, X o8N, 0) o 1

10. Being i, mt e Bt

a)gin,, (we o) = sin_(w o)
b)COS, i » ) = CO8_ (' o cx)

r

101@5ﬂha:=5m_r5—-ﬂj

[uk] [uE]

b) cos,a = cos (2 e a)



11. The following couple of real sequences are adjoining, and therefore convergent,

3 . 3
(25 osing 20), (55 otan, =)

12. Themapping 4. : &t — &t isbhijective

¥

sothat @ € BT = Me) = im( 2 eging, =)

s 2x+3

12.1Forevery ), ' = Rt andagreeingthat A{w) = A,
e dy = it e A+ (9and 10-g)

12.2 Starting from the equality s » 1, = 2 = .1, we can solve the following interesting problem:
For which number ¢ isaccomplished that 4, = 1°?
The solution isobvious, for @ = 2 = A+

This problem, with geometrical language, was already posed by the ancient Egyptians, and they
knew that

3.1 < A, < 3,2
Nowadays to this important real number is named (::T)

12.3 Boundary mark of the number A (7 )
We know that

2ntd -Siﬂg(ﬁ) < Ar < pALE Itﬂﬂg(zﬂlﬂ j

Then, giving successive values to the natural number j; $, from zero, we will obtain two sequences

of numbers that convergeto A, {77 )

12.4 To facilitate the calculation of A, (7r) , wetakeinto account the following equalities:
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g) 27 -5‘1:?1;(2:+2 =2 (cnsg(;T) o cnsg(z%} s s COS5{

)

1
2:’!+2

b) ot ltﬂﬂg( 2:-:1+3 j = 2:(::()52(21—3) . CCISQ(ELE) e Cﬂsi( 2,:,,3 j ¢ CﬂSgl:: 2?:1+2 )}

OFor ;7 = 0, cnsg(;—zj = %

d)IfweknowCDSg(EHI?j fory; = mthefor 7 = m + 1

1 .
oSy — = = J(l + Cﬂﬂgw—_ﬂj ;2

12.5 Having into account the previous recursive cal culation, we obtain from a pocket computer
for ;7 = 16 that

3, 141592653 < A, < 3,141592654
13.We agree that
el & = sina  b) cosy, o = cosa ) tang, & =tane  d) coty, & = cotax

14 By definition

. 4 . 4
et — e (ealﬂzg-z — gl I‘ﬂ'ﬂzj

15.All the properties here exposed and the ones omitted are proved in the book "Didactica del

numero complgjo” published by "Servicio de Publicaciones de la Universidad de Oviedo".
[.S.B.N: 84-7468-835-3. D.L: AS/3751-94\ (240 pp.)
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